A quantum spin-1 Heisenberg model on trimerized Kagomé lattice is studied by doing a low-energy bosonic theory in terms of plaquette-triplons defined on the triangular unit-cells of the lattice. The model considered has an intra-triangle antiferromagnetic exchange interaction, J (set to 1), and two inter-triangle couplings, J > 0 (nearest-neighbor) and J (next-nearest-neighbor; of both signs). The triplon analysis performed on this model investigates the stability of the trimerized singlet ground state (which is exact in the absence of inter-triangle couplings) in the J -J plane. It gives a quantum phase diagram that has two gapless antiferromagnetically ordered phases separated by the spin-gapped trimerized singlet phase. The trimerized singlet ground state is found to be stable on J = 0 line (the case of nearest-neighbor interactions only), and on both sides of it for J = 0, in an extended region bounded by the critical lines of transition to gapless antiferromagnetic phases. The gapless phase in the negative J region has coplanar 120
INTRODUCTION
The quantum antiferromagnets on frustrated lattices, with competing interactions, tend to disfavor magnetic ordering, and realize interesting quantum-disordered low temperature phases (ground states) such as the quantum spin liquids, valence-bond-solid states, or the dimer or plaquette ordered singlet phases [1] [2] [3] [4] . The Kagomé quantum antiferromagnet is an interesting example of a frustrated spin system, in which the frustrated geometry of the Kagomé lattice (a triangular lattice of the corner-sharing triangles) and the quantum fluctuations together present a serious detriment to magnetic ordering in its ground state. For instance, the low temperature properties of Cu 3 Zn(OH) 6 Cl 2 [5, 6] [9] , which are the realizations of the spin-1/2 Kagomé Heisenberg antiferromagnet (KHA), seem to indicate this. While there is a strong support for the spin-1/2 KHA with nearest-neighbor interactions to have a spin liquid ground state, the hardness of this problem has made it very difficult to settle the debate on the true nature of its ground state [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Likewise, the relatively lesser studied spin-1 and higher spin KHAs are also not very well understood.
For the spin-1 antiferromagnetic Heisenberg model on Kagomé lattice, which is the problem of interest to us in the present paper, a non-magnetic hexagonal-singlet-Our basic idea and the strategy are as follows. Since the Kagomé lattice is a triangular lattice of corner-sharing triangles, we construct an effective theory of spin-1 KHA in terms of the eigenstates of its basic triangular units. This we do by deriving, in Sec. III A, a bosonic representation of the spin-1 operators of a triangular plaquette in terms of its singlet and triplet states. It is like the bondoperator representation of the spins of a dimer [41, 42] . This effective theory, formulated in Sec. III B, allows us to study the stability of the trimerized singlet (TS) ground state with respect to the elementary triplon excitations (dispersing triplets), and to find if there is any antiferromagnetic (AF) order. Unlike the spin-wave analysis, which is a small fluctuation bosonic theory for a given classical magnetic order, this plaquette-triplon theory is formulated with respect to the non-magnetic TS state which is 'quantum disordered'. It can describe classical order as well as quantum disorder in the ground state.
From the triplon analysis performed in this paper, we find a stable TS ground state for the nearest-neighbor spin-1 KHA, in agreement with recent numerical studies [33] [34] [35] . We also find this gapped TS phase over a range of second-neighbor interaction. Eventually, for sufficiently negative second-neighbor interaction, it undergoes a transition to the gapless phase with coplanar 120
• -AF order with √ 3× √ 3 structure. In this phase, the neighboring magnetic moments lie at 120
• angle relative to each other, and the magnetic unit-cell consists of three triangles. This AF order has been known to occur in the KHA model with second and third neighbor interactions for large spins [39, 43] . But here, we find it for spin-1, emerging spontaneously from the quantum disordered TS state. For positive second-neighbor interactions, we find a different coplanar AF order with ordering wavevector q = (0, 0). In this phase, the magnetic moments on a triangle are of unequal magnitudes (two short and one long), and they form 120
• − 2δ (between the short moments), or 120
• + δ angle (between the long and a short one). This AF order has not been discussed before in a Kagomé antiferromagnet, but here it emerges spontaneously. We discuss all of these results in detail in Sec IV, and conclude this paper with a summary in Sec V.
II. MODEL
In this paper, we study the following quantum spin-1 Hamiltonian on trimerized Kagomé lattice.
As depicted in Fig. 1 , it is a problem of the coupled antiferromagnetic triangles. In this explicitly trimerized Kagomé problem, the exchange interaction, J, in the up (red) triangles is taken to be stronger than that in the down (green) triangles, J . It resembles, for instance, the situation in NaV 6 O 11 , where the Kagomé lattice of vanadium ions trimerizes at low temperatures [32] . We also include second-neighbor interaction, J , for generality. In Eq. (1), i, j denotes the spin-pairs in the up triangles, (i, j) denotes the spin-pairs in the down triangles, and the second-neighbor spin-pairs are denoted as i, j . We take J and J to be antiferromagnetic, and allow J to be positive as well as negative. TheĤ becomes the standard nearest-neighbor KHA for (J , J ) = (J, 0).
A simple limiting case of theĤ of Eq. (1) corresponds to (J , J ) = (0, 0), for which the exact ground state is given by the direct product, ⊗ |s , of the singlet states, |s , of the up-triangles. It also has an energygap, J, to the triplet excitations. Refer to Appendix A for the eigenstates of spin-1 Heisenberg model on a triangle. Since three spin-1's uniquely form a singlet, this ideal spin-gapped trimerized singlet ground state is also unique. How the non-zero J and J affect this TS ground state is the question that we try to answer here by studying its stability against the triplon excitations.
III. TRIPLON ANALYSIS
Just as in the case of dimerized quantum antiferromagnets, where the bond-operator formalism provides a convenient means to construct an effective low-energy theory [41, 44] , here we do a low-energy theory of the trimerized KHA model,Ĥ, in terms of the plaquette-operators defined on the triangular unit-cells. Towards this goal, we derive a bosonic representation for the spin-1 operators on a triangle, and do a simple but useful theory ofĤ in terms of these plaquette-operators. This theory would find for us the region of stability of the TS state, and identify the magnetic order, if any, in the J -J plane.
A. Plaquette-Operator Representation of the Spin-1 Operators on a Triangle
The spin-1 Heisenberg model on a triangle, that iŝ
, has a unique singlet eigenstate, |s , with eigenvalue, −3J. It has three sets of triplets (that is, 9 degenerate states with total-spin equal to 1), |t mν , given by m = 1, 0,1 (total-S z ) and ν = 1, 0,1 (chirality). Here, −1 is denoted as1, and the quantum number ν comes from the threefold rotational symmetry ofĤ . The energy of these triplets is −2J. It also has two sets of quintets (10 states with total-spin 2) and a heptet (7 eigenstates with total-spin 3) with energies 0 and 3J, respectively. The eigenvalue problem forĤ is worked out in detail in Appendix A.
For J > 0, the singlet is the ground state ofĤ and the triplets form the elementary excitations with energy-gap, J. The quintets, that cost an energy 3J from the ground state, are the next higher excitations. Since they are safely above the triplets, in the simplest approximation, we ignore the quintets and the highest energy heptets in writing a low-energy theory of the trimerized KHA model,Ĥ. Thus, we restrict the triangle's Hilbert space to have the singlet, |s , and all the 9 triplets, |t mν , only. This reduced problem would nevertheless be sufficient to do a basic stability check of the TS ground state.
Like the bond-operator representation, that is so useful to the studies of dimer phases [41, 42, 44] , we derive here a plaquette-operator representation for the spin-1 operators on a triangle in the reduced basis, {|s , |t mν }. For this, let us first introduce the singlet and triplet operators,ŝ † andt † mν , that are defined as follows.
Here,ŝ † are t † mν are the bosonic creation operators in a Fock space with vacuum, |ø . The projection of the infinite dimensional Fock space onto the 10-dimensional Hilbert space spanned by |s and |t mν is done by the following constraint on the number of these bosons.
In this reduced space, the local Hamiltonian can now be written as:Ĥ ≈ −3Jŝ †ŝ − 2J m,νt † mνtmν . Next we represent the spin-1 operators of a triangle in terms of the singlet and triplet plaquette-operators introduced above. Please refer to Appendix B for more details on it. Below we write this representation in an approximate form that is simple and useful.
Here, j = 1, 2, 3 are the spins of a triangle (see Fig. 1 for spin labels), and α = x, y and z denote the components of the spin-1 operators. Moreover, c j = cos 2πj 3
and s j = sin 2πj 3 . The 'coordinate' operatorsQ αν for ν = 1,1 and α = x, y and z are defined as:
This is a canonical change of variables that we find to be convenient for further analysis. Since the ν = 0 triplet operators,t m0 , do not appear in Eqs. (4), we keep them as they are. Using this representation, we can rewrite the inter-triangle interactions in terms of triplet operators, and derive an effective theory for thê H of Eq. (1).
Apart from neglecting the quintets and heptets, we have made two other simplifying approximations in writing Eqs. (4) . One, we have treated the singlet operator,ŝ, as mean-field,s. Throughs, which is a measure of the singlet amplitude per triangle, we describe in mean-field approximation the TS phase on Kagomé lattice. Two, we have ignored the terms bilinear in triplon operators (see Appendix B). This amounts to neglecting the triplon-triplon interactions. For a general discussion on the triplon mean-field approach, see Refs. [41, 42, 44] .
B. Plaquette-Triplon Mean-Field Theory
Now we turn to the model,Ĥ, defined in Sec. II. In the plaquette-operator representation of Eqs. (4), it takes the following effective form in the momentum space.
Here, N is the total number of triangular unit-cells in the trimerized Kagomé lattice, e 0 = −s 2 J + λs 2 − 2J − 11 2 λ, and λ is the Lagrange multiplier that is introduced to satisfy the local constraint,ŝ †ŝ + ανt † ανtαν = 1, on average. Moreover,
Here, r denotes the position vector of the triangular units of the trimerized Kagomé lattice (see Fig. 1 ), and k is the lattice-momentum vector in the first Brillouin zone of the corresponding reciprocal lattice (see Fig. 3 ). Likewise,P αν (r) =
iδ αα δ νν δ k+k =0 , while theQ αν (k)'s commute amongst themselves and the same forP αν (k)'s.
As the ν = 0 triplon modes, denoted here byt α0 (k), stay decoupled and local, the effective triplon model,Ĥ t , is essentially a problem of two coupled 'oscillators', described byQ α1 (k) andQ α1 (k), and coupled via
The V α,k is a Hermitian matrix, with η * α,k as the complex conjugate of η α,k . The αν,k and η α,k are given below.
Here, a 1 and a 2 are the primitive vectors of the trimerized Kagomé lattice (see Fig. 1 ), and
The coupled oscillator problem ofĤ t can be diagonalized by making a unitary rotation ofQ α1 (k) andQ α1 (k) to the new coordinates,Q α+ (k) andQ α− (k).
The unitary matrix U α,k is given as:
where
In the diagonal form, theĤ t can be written as follows.
αµ,kP αµ (k) are the renormalized triplon operators, and
are the triplon energy dispersions with
The label, µ = ±, for new operators defined in Eqs. (11), is analogous to, but different from, the old ν. From Eq. (13), we get the following ground state energy per unit-cell.
It is a function of two unknown mean-field parameters, λ ands 2 . We determine them by minimizing e g . That is, ∂ λ e g = 0 and ∂s2e g = 0, which gives us the following mean-field equations.
The self-consistent solution of the above equations gives the physical values of λ ands 2 . This formulation offers two distinct physical solutions based on whether the triplon dispersions are gapped or gapless. TheĤ t has nine triplon dispersions. The threê t α0,k 's have flat dispersions at λ. Then, there are six nontrivial E αµ,k . Note that E xµ,k is exactly same as E yµ,k , but they are different from E zµ,k . When the minimum of the lowest of these dispersions in the Brillouin zone is strictly greater than zero, it means there is an energy gap that protects the TS ground state against triplon excitations. We surely expect this to happen when J and J are near about zero. In the gapped TS phase, Eqs. (16) are applicable in the form as given.
However, as the inter-triangle couplings grow stronger, the triplon gap may close at some point q in the Brillouin zone for strong enough J or J . That is, E αµ,q = 0, for some lower triplon branches. If it happens, then the corresponding, k = q, terms in Eqs. (16) will become singular, giving rise to triplon condensation described by the condensate density, n c , now a third unknown. But we also have a third equation, which is the condition of gaplessness, in addition to Eqs. (16) (to be revised for n c ). From our calculations (described in the next section), we either get E αµ,q = 0 at q = (0, 0) for α = x, y and µ = ± in a region for J > 0, or E α−,q = 0 for α = x, y at q = (
) in another region for J < 0. The other dispersions are always gapped (see Figs. 3, 6 and 9) .
The revised equations for the gapless case of q = (0, 0) can be written as follows.
λ = 2s
2 ξ αµ,q (same for α = x, y and µ = ±) (17a) = 2s 2 (J + 2J )
The equation for λ here follows directly from the zero gap condition, E αµ,q = 0. The other two equations are derived from Eqs. (16) by introducing the condensate density, n c , for the singular terms in the summations. That is, n c ≡
, in the present case. Likewise, in the other gapless phase with q = (
), the following equations would apply.
Here, n c ≡
2N
α=x,y (λ −s 2 ξ α−,q )/E α−,q . Physically, a non-zero n c and q account for the AF order with ordering wavevector q in the ground state. Equations (20) and (21) in Sec. IV B describe the magnetic moments in terms of n c and q in the two ordered phases.
IV. RESULTS AND DISCUSSION
To determine the ground state properties ofĤ within the triplon mean-field theory, we numerically solve the self-consistent equations derived in the previous section.
In our calculations, we set J = 1 and take 0 ≤ J ≤ 1. We keep the second-neighbor coupling, J , small, but allow it to take both positive and negative values (|J | 0.6).
A. Gapped Trimerized Singlet Phase
According to the theory presented in the last section, the energy gap to triplon excitations decides if the ground state is non-magnetic (TS) or magnetically ordered. As the trivial case of independent triangles is surely gapped, a region around (J , J ) = (0, 0) is also expected to be so. We identify this region of gapped TS phase by following the change in the triplon gap, ∆ t , by gradually increasing the inter-triangle couplings, J and J . If and when the gap closes, it marks the quantum phase transition to an AF ordered phase. First we discuss this in the nearestneighbor interaction model for J = 0, and then in the full model including J .
J = 0
In this case, J is the only interaction variable. We calculate the triplon gap, ∆ t , by solving Eqs. (16) 2 and ∆ t as a function of J . At J = 0, it givess 2 = 1 and ∆ t = 1, which is exact for the independent triangles. A notable feature of this data is the non-zero triplon gap in the entire range of J between 0 and 1. Although ∆ t first decreases as J increases from 0, but after a while, it turns upwards and keeps growing. It is an interesting result which states that, for J = 0, the non-magnetic TS ground state is stable against triplon excitations, and it adiabatically extends all the way upto J = 1, starting from exact case at J = 0. This result clearly favors the recent claims of a gapped trimerized singlet ground state for the nearest-neighbor spin-1 KHA model [33] [34] [35] .
To see where the gap, ∆ t , comes from in the Brillouin zone, we plot the dispersions in Fig. 3 . Of the nine triplon dispersions given in Eq. (13), the two flat dispersions, E x−,k = E y−,k = λ(λ − 2s 2 J ), are the lowest. Hence, the triplon gap in this case is, ∆ t = λ(λ − 2s 2 J ). Two other dispersions, E α+,k (for α = x, y), also become degenerate with the lowest ones at k = (0, 0), the Γ point. Moreover, E z−,k and λ (for three ν = 0 branches), are also flat. But they not important for the discussion here, as they are not the lowest in energy.
While the non-magnetic TS phase is stable for the nearest-neighbor case ofĤ, it would be nice to know how the second-neighbor interaction, J , affects it, or if it generates any magnetic order in the ground state. In the classical KHA problem, even an infinitesimal amount of J causes ordering [43] .
For different fixed values of J , we solve Eqs. (16) with J varying from 0 to ±0.6, and follow the triplon gap. We find that a non-zero J makes the flat modes, E αµ−,k , dispersive, which reduces the gap, and can even close it altogether. For J < 0, the triplon gap always closes at some non-zero critical value of J . The gap also closes for J > 0, but only when J > 0.144. This is, if J is too small, then the ground state stays gapped for any positive J . By scanning the J -J plane for the critical points where the triplon gap vanishes, we compute the boundaries of the TS phase. For instance, the triplon gap for J = 1 vanishes at J = −0.245, or at J = 0.186. The quantum phase diagram thus generated is shown in Fig. 4 . Clearly, the case of positive J is more frustrated, as it favors the TS phase more than the negative J .
We identify the gapless phase for positive J with wavevector q = (0, 0), the Γ point, at which the triplon gap vanishes. In the other gapless phase for negative J , the gap closes at the K-point in Brillouin zone, that is q = (π/3, π/ √ 3). See Figs. 6 and 9 for the dispersions in the two phases. As mentioned before, these gapless phases exhibit magnetic order through Bose condensation of triplons with their respective q's as the ordering wavevectors. The precise forms of the magnetic orders in the two gapless phases are described below.
B. Antiferromagnetically Ordered Phases
We calculate the properties of the gapless phases from Eqs. (17) and (18) . These equations enable the computation of triplon condensate density, n c , in addition to giving us the dispersions (ands 2 ). The knowledge of n c is of great physical significance. Together with q, it determines the magnetic order in a gapless phase. A non-zero n c implies spontaneous triplon 'displacements', Q αν (r) , which through the plaquetteoperator representation given in Eqs. (4), determine the 1), from triplon analysis. The gapped trimerized singlet phase, which is exact at (J , J ) = (0, 0), extends adiabatically upto J = 1, and over a range of J . For negative J , it undergoes a transition to the gapless phase with coplanar 120
• -antiferromagnetic order having √ 3 × √ 3 structure. It makes another transition, for positive J , to a gapless coplanar antiferromagnetic phase with ordering wavevector, q = (0, 0). In this phase, the magnetic moments deviate from 120
• orientations by δ, which changes with J and J , and becomes zero only when J = J . local magnetic moments, S j (r) , on Kagomé lattice. Since the triplons with dispersions E zµ,k do not condense (as they are gapped; see Fig. 6 and 9 ), we get Q zν (r) = 0. However, the condensation for α = x, y at q gives the following non-zero displacements.
Here, n c1 and n c1 are the condensate densities for ν = 1,1 (that are same for α = x, y). Hence, n c = 2(n c1 + n c1 ).
Since n c1 and n c1 can in general be different, we define a parameter ζ = n c1 /n c1 . In terms of n c and ζ, we can write n c1 = nc 2(1+ζ) and n c1 = ζnc 2(1+ζ) . By putting these displacements into the plaquetteoperator representation for spins, we get the following general form of the magnetic moments.
Here, m j (r) = S j (r) is the magnetic moment due to j th spin in the triangular unit-cell at position r, with three components, m j,x (r) = m j cos [ϕ j − q · r], m j,y (r) = m j sin [ϕ j − q · r] and m j,z (r) = 0. These moments are obviously coplanar. Their amplitudes, m j , and the angles, ϕ j , are given below for j = 1, 2, 3.
The m j (r)'s on every triangle exactly add up to zero, as it should be in an antiferromagnetic phase. From these general considerations, now we turn to the specific cases. From Eqs. (17), applicable to the phase with Goldstone mode at q = (0, 0), we calculate λ,s 2 and n c . In Fig. (5) , we plot n c as a function of J for fixed values of J , alongside ∆ t of the gapped phase. It shows a quantum phase transition characterized by the triplon gap that goes to zero continuously at the critical point, and n c that grows continuously starting from zero at the critical point. Thes 2 and λ also show a kink-like behavior across the transition. In Fig. 6 , we show the triplon dispersions, of which, the four dispersions with α = x, y and µ = ± go to zero linearly in |k| at q = (0, 0), the Γ point.
We infer the magnetic order in this phase from Eqs. (20) and (21) . Its salient features are as follows. Firstly, the magnetic moments are independent of r, obviously because q = (0, 0). That is, the m j (r)'s in all the unit-cells look identical, as shown in Fig. 7 . Secondly, the magnetic moments within a unit-cell are not oriented at 120
• angle with respect to each other. That is, ϕ {2,3} − ϕ 1 = 120
• + δ and ϕ 3 − ϕ 2 = 120
• − 2δ, where δ is non-zero except when ζ = 1. Their magnitudes, m j 's, are also unequal. These features are clearly at variance with what is known from the semiclassical analysis of the KHA problem for large spins [39, 43] . But then ours is a calculation with reference to the quantum disordered TS state, with no presumptions of any magnetic order. Here, this magnetic order has emerged spontaneously through triplon dynamics. For instance, in   FIG. 6 . The triplon dispersions [as given in Eq. (13)] in the gapless AF phase with Goldstone mode at q = (0, 0). In this phase, the four dispersions, E αµ,k for α = x, y and µ = ±, go to zero linearly in |k|, at the Γ point.
FIG. 7.
The coplanar antiferromagnetic order with q = (0, 0). Here, the magnetic moments, denoted asÃ,B andC, are arranged identically in all the unit-cells (red triangles). The angle betweenÃ andB is 120
• + δ, which is same as the angle betweenÃ andC. The magnitude ofB is equal to that ofC, but shorter than that ofÃ. Refer to Eqs. (21) for details.
the other gapless phase for negative J (to be discussed next), the same triplon analysis gives us the perfect 120
• -AF order with √ 3 × √ 3 structure, as known from semiclassical analysis. Hence, the AF order that we have got here, for q = (0, 0) phase, looks like a genuine finding. In fact, we realize that the semiclassical analysis would miss this order completely, because there the local moments in the reference state are given to be of same magnitudes, which leaves their relative-angles with no choice, but to be 120
• (on AF triangles). In our triplon analysis, all of this is decided for itself by the triplon dynamics. We neither fix their magnitudes nor the angles from outside.
This brings us to the last feature of note that is about ζ, which effects the deviation of the moments from 120
• orientations through δ, and makes their magnitudes unequal. The ζ in this phase originates from the difference in the slopes, v + and v − , of E α+,k and E α−,k at q = (0, 0), which is clearly visible in Fig. 6 . More precisely, it is ζ = v− v+ = J +2J −|J −J | J +2J +|J −J | . In general, ζ < 1, and therefore δ = 0. However, when J = J , then ζ = 1 and δ = 0
• . Only in this case, the q = (0, 0) phase has perfect 120
• -AF order of the moments of equal magnitudes. In the quantum phase diagram shown in Fig. 4 , this special case is highlighted by labelling the dashed line for J = J . On either side of this line, ζ < 1 and δ = 0. For example, δ varies continuously from about 9
• FIG. 8. The triplon gap, ∆t, and the condensate density, nc, describing the quantum phase transition from the gapped TS phase to the gapless phase with Goldstone mode at q = (
). Inset: λ ands 2 vs. J .
near the critical point for J = 1 to 0
Coplanar 120
• -AF order with
The solutions of Eqs. (18) determine the nature of the gapless phase for negative J . The condensate density, n c , and other quantities, calculated as a function of J for fixed J , are plotted in Fig. 8 . Here again, we see a continuous rise of n c starting from zero at the critical point. Moreover, the dispersions, E α−,k (for α = x, y), go to zero linearly at q = (π/3, π/ √ 3), the K point, as shown in Fig. 9 . ). Here, two degenerate dispersions, E x−,k and E y−,k , go to zero linearly at q, that is, K point in the Brillouin zone (see Fig. 3 ). ). The magnetic moments, denoted as A, B and C, in every triangle are of equal magnitude, s 2nc/3, and form 120
• angle relative to each. The moments in the triangles of same color are oriented identically, but rotated by ± Interestingly, ζ is always equal to 1 in this gapless phase. This is so because the condensation of the triplons with dispersion E α−,k contributes equally to n c1 and n c1 , asQ α− (q) is an equal weight linear combination of Q α1 (q) andQ α1 (q). Thus, in this phase, we have δ = 0, and m 1 = m 2 = m 3 =s 2n c /3. That is, the magnetic moments in every triangle are equal in magnitude, and orientated at 120
• angle relative to each other. But now they have r-dependent angles, ϕ j − q · r, as given in Eq. (20) . It means that the magnetic moments will rotate from one triangle to another, while keeping their internal relative angles fixed at 120
• . To understand the r-dependence of the magnetic moments, let us write r as: r = l 1 a 1 + l 2 a 2 ≡ (l 1 , l 2 ), where a 1 and a 2 are the primitive vectors of Kagomé lattice (see Fig. 1 ), and l 1 and l 2 are integers. In this notation, q · r = 2π 3 (l 1 + l 2 ), which immediately implies that the moments will rotate by 2π 3 , if l 1 + l 2 changes by −1 or 2. Or, they will rotate by − 2π 3 , if l 1 + l 2 changes by 1 or −2. The moments will not rotate, however, if the change in l 1 + l 2 occurs in integer multiples of 3. The magnetic structure that results from these considerations is shown in Fig. 10 . It consists of three interpenetrating sublattices of the triangles shown in red, blue and purple colors. The magnetic moments in the triangles of one sublattice have same orientation, which differs from the orientations on the other two sublattices by ± 2π 3 . This is the familiar coplanar 120
• -AF order with √ 3 × √ 3 structure.
V. SUMMARY
We now conclude by summarizing the main points. Motivated by the current interests in the spin-1 Kagomé quantum antiferromagnets, we have studied a spin-1 Heisenberg model, theĤ of Eq. (1), on trimerized Kagomé lattice (see Fig. 1 ). TheĤ is a problem of coupled antiferromagnetic triangles (trimers), which in the absence of inter-triangle couplings, J and J , trivially realizes the exact TS (trimerized singlet) ground state with zero local magnetic moments and a finite energy gap to triplet excitations. Here, we have studied the stability of this TS ground state, and its transition to ordered phases, as a function of J and J . For J = 0, that is, in the nearest-neighbor case of H, the TS ground state is found to be always gapped and hence stable against triplon excitations. It smoothly extends right upto J = 1 (the un-trimerized model), in agreement with the recent numerical findings of the same in the nearest-neighbor spin-1 Kagomé Heisenberg antiferromagnetic model [33] [34] [35] . The TS phase is also found to be stable over a range of J , before undergoing transition to two gapless ordered AF (antiferromagnetic) phases, one with ordering wavevector q = (0, 0) for positive J , and the other with q = (π/3, π/ √ 3) for negative J . The quantum phase diagram obtained from these calculations is presented in Fig. 4 . The magnetic order in the phase with Goldstone modes at q = (π/3, π/ √ 3) is the familiar coplanar 120
• -AF order with √ 3 × √ 3 structure (see Fig. 10 ). In the other AF phase with q = (0, 0), the magnetic moments are coplanar, but of unequal magnitudes and deviate from 120
• angle relative to each other. These deviations are found to arise from the difference in the triplon velocities at q = (0, 0) [see Figs. 6 and 7, and Eqs. (21] , and depend on J and J . Only at J = J , it forms a perfect 120
• -AF order. This interesting coplanar AF order for positive J is a new find with a scope for further investigations. Here, we compute the eigenstates of the Heisenberg model of three spin-1's, given below.
TheĤ has spin-rotation symmetry due to which the total-spin, S = S 1 + S 2 + S 3 , is conserved. Its eigenstates would, therefore, be the total-spin eigenstates given by the total-spin quantum number, S = 0, 1, 2, 3, and the total-S z , m = ±3, ±2, ±1, 0. It also has a discrete threefold rotational symmetry that leads to an additional conserved quantum number, ν = ±1, 0, describing three discrete rotations, ω ν , of the triangle. Here,
is the cube root of unity. Together the two symmetries make it possible to exactly determine the eigenstates and eigenvalues ofĤ . We denote the product states of three spin-1's as |m 1 m 2 m 3 in the S z basis, where m j = 1, 0,1 are the eigenvalues of the spin operators, S j,z for j = 1, 2, 3. Here,m denotes '−m'. We use this notation for negative m's. First, we sectorize these states according to their total-S z quantum number, m = m 1 + m 2 + m 3 , as given in Table I . Next, we reorganize the states in the m-sectors according to the quantum number, ν, of the discrete threefold rotational symmetry. The basis states in terms of m and ν are given in Table II . Since m and ν are conserved with respect toĤ , the states from different m-ν subspaces do not mix underĤ . This greatly reduces the eigenvalue problem. We finally write theĤ as matrix in each m-ν subspace independently, and solve the corresponding eigenvalue problem. The eigenstates |S, m; ν ofĤ thus found are written below. 
Heptets: These are unique S = 3 and ν = 0 eigenstates ofĤ with eigenvalue 3J.
The negative-m eigenstates, |S,m; ν , can be obtained by changing |m 1 m 2 m 3 to |m 1m2m3 in the corresponding positive-m eigenstates, |S, m; ν . For example, |3,3 = |111 , and likewise for other negative-m eigenstates. Quintets: These are S = 2 eigenstates with eigenvalue equals to 0. Here we get two different sets of quintets, one each for ν = 1 and1, as written below.
Here,ν = −ν, and the negative-m states can be obtained by doing the S z -inversion (1 ↔1) of the above states. Triplets: Next, we have three sets of triplets, one each for ν = 0, 1 and1, with eigenvalue, −2J. Thus,Ĥ has 9 degenerate S = 1 eigenstates, written below. Here, we denote the triplet states |1, m; ν as |t mν . This slightly different notation is introduced to facilitate a convenient notation for the plaquette-operator representation (in the reduced space of the triplets and the singlet), as used in the main text this paper (see Sec. III A). |t mν = 1 √ 6 |m00 + ω ν |0m0 + ων|00m + |mmm + ω ν |mmm + ων|mmm (A4d)
Singlet: Finally, we write the only singlet eigenstate, that is |0, 0; 0 , ofĤ . Here, it is denoted as |s , and has an eigenvalue of −3J.
For an antiferromagneticĤ , that is J > 0, the singlet at −3J is the lowest energy eigenstate. The triplets at −2J are the lowest excited states, while the quintets and the heptet sit further up at the higher energies. 
